Abstract. We show the conservativeness of the Girsanov transformed dif- 
Statement of result
In this note, we prove the conservativeness of diffusion processes on R d by a Girsanov transformation. Let R 
Here ·, · R d stands for the Euclidean inner product with |ξ| := ξ, ξ 
where
) is a strongly local regular Dirichlet form on L 2 (R d ) (see [8] ). Clearly,
and the constant δ(|f |) can be taken to be arbitrarily small (cf. [22] , [24] ).
Definition 1.2 (Measures of finite energy integrals, [8]). A positive Radon measure µ on R
d is said to be of finite energy integral with respect to (E a , H 1 (R d )) (write µ ∈ S 0 ) if and only if there exists a positive constant C depending on µ such that
Then for each α > 0 there exists
Let Cap a be the 1-capacity associated with (
on G} for any open set G, and Cap
a (A) := inf{Cap a (G) | G is open with A ⊂ G} for any subset A of R d . A subset N of R d is said to be exceptional if Cap a (N ) = 0.
Definition 1.3 (Smooth measures, [8])
. A Borel measure µ on R d is said to be smooth with respect to (E a , H 1 (R d )) (write µ ∈ S) if µ charges no exceptional set and there exists a sequence {F n } of closed sets such that µ(F n ) < ∞ for each n ∈ N and
It is well known that µ ∈ S if and only if there exists a sequence {F n } of closed sets such that I Fn µ ∈ S 00 (or I Fn µ ∈ S 0 ) for each n ∈ N satisfying (1.2) for any
, we see |f |m ∈ S. Throughout this paper, we assume the following Assumptions 1.1 and 1.2.
, and when 2 < p < 4 we further assume one of the following:
and p a t (x, y) satisfies the Aronson's estimates (see [26] ): there exists an
It should be noted that the ball doubling condition and the strong Poincaré inequality hold for (E a , H 1 (R d )), and the pseudo-distance (or intrinsic metric) derived from
is a complete metric compatible with the endowed topology. Hence the parabolic Harnack inequality holds for the local solution of the parabolic equa- 
can be taken to be arbitrarily small (see [1] , [25] ). It is well known that for 2p 
we have |f |m ∈ S 1 . It is well known that S 00 ⊂ S 1 ⊂ S and there exists a one-to-one correspondence between S (resp. S 1 ) and the equivalence class of A We consider a Fukushima decomposition in the strict sense for coordinate func-
Here
t is a local CAF in the strict sense and an MAF locally of finite energy, and N i t is a local CAF in the strict sense and a CAF locally of zero energy (see Theorem 2 in [7] ). Under M a , we consider the following multiplicative functional L t :
Note that Λ 
which implies Novikov's criterion and the P 
The following assertions hold:
The following theorems are shown in [6] in more general context (cf. [15] , [16] , [23] , [17] , [20] ).
Let
for nonnegative or bounded Borel f . Here γ t is the time reverse operator:
Theorem 1.1 (Contraction property, [15] , [16] , [23] , [6] 
Theorem 1.2 (Girsanov formula, [6]). Under Assumptions 1.1, let e
We will expose the following: 
In particular, the transformed process by L t is conservative.
Proof. Since |b| 2 is of the Hardy class and δ(|b| 2 ) can be chosen to be arbitrarily 
In this case N b = {0}. Note that f 2 is not of the Kato class function by Theorem 1.3(viii) in [1] . Also, Novikov's condition fails for starting point 0, because the low of the iterated logarithm of 1-dimensional Brownian motion
Example 1.2 (cf. [9] , [12] , [3] , Example (4.2) in [5] ). When d ≥ 3, the following Hardy-type inequality holds: for any r > 0,
|x| 2 x for ε > 0. Then |b| 2 is of the Hardy class with respect to the Dirichlet form associated to d-dimensional Brownian motion M := (B t , P x ), and δ(|b|
2 is not of the Kato class function when the support of ϕ is bounded, by Theorem 1.3(viii) in [1] . In this case
Novikov's condition fails for starting point 0 as in the previous example.
Proof of Theorem 1.3
Proof of Theorem 1.
There exists an E a -nest {F n } such that I Fn |b| 2 is of the Kato class satisfying 
Note that the contraction property of e −αt P n t holds for all r ≥ 2, because 2 > 2/(2 − 2δ(|b| 2 )/λ). On the other hand, for g ∈ C
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Taking an increasing sequence of stopping times {T 
Here we use the L p/2 -contraction property of e 
